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In [FRS] and [FSS], they introduced new character-like quantities corresponding to a
graph automorphism of a Dynkin diagram, called twining characters, for certain Verma
modules and integrable highest weight modules over a symmetrizable Kac-Moody algebra,
and gave twining character formulas for them. Recently, the notion of twining characters
has naturally been extended to various modules, and formulas for them has been given
([KN], [KK], [N1]–[N4]). In this short note, we introduce a twining character formula for
Demazure modules over a symmetrizable Kac-Moody algebra, which is obtained in [S].
Let g = g(A) = n−⊕h⊕n+ be a symmetrizable Kac-Moody algebra over Q associated
to a GCM A = (aij)i,j∈I of finite size, where h is the Cartan subalgebra, n+ the sum of
positive root spaces, and n− the sum of negative root spaces, and let ω : I → I be a
(Dynkin) diagram automorphism, that is, a bijection ω : I → I satisfying aω(i), ω(j) =
aij for all i, j ∈ I. It is known that a diagram automorphism induces a Lie algebra
automorphism ω ∈ Aut(g) that preserves the triangular decomposition of g (see [FSS] and
[FRS]). Then we define a linear automorphism ω∗ ∈ GL(h∗) by (ω∗(λ))(h) := λ(ω(h))
for λ ∈ h∗, h ∈ h. We set (h∗)0 := {λ ∈ h∗ |ω∗(λ) = λ}, and call its elements symmetric
weights. We also set W˜ := {w ∈ W |wω∗ = ω∗w}.
Further we define a “folded” matrix Â associated to ω, which is again a symmetrizable
GCM if ω satisfies a certain condition, called the linking condition (see [FSS]). Then the
Kac-Moody algebra ĝ = g(Â) associated to Â is called the orbit Lie algebra. We denote
by ĥ the Cartan subalgebra of ĝ and by Ŵ the Weyl group of ĝ. Then there exist a
linear isomorphism P ∗ω : ĥ
∗ → (h∗)0 and a group isomorphism Θ : Ŵ → W˜ such that
Θ(ŵ) = P ∗ω ◦ ŵ ◦ (P
∗
ω)
−1 for all ŵ ∈ Ŵ .
Let λ be a dominant integral weight. Denote by L(λ) =
⊕
χ∈h∗ L(λ)χ the irreducible
highest weight g-module of highest weight λ. Then, for w ∈ W , we define the Demazure
module Lw(λ) of lowest weight w(λ) in L(λ) by Lw(λ) := U(b)uw(λ), where uw(λ) ∈
L(λ)w(λ) \ {0} and U(b) is the universal enveloping algebra of the Borel subalgebra b :=
1
h ⊕ n+ of g. If λ is symmetric, then we know from [FSS] and [FRS] (see also [N1]) that
there exists a (unique) linear automorphism τω : L(λ) → L(λ) such that
τω(xv) = ω
−1(x)τω(v) for all x ∈ g, v ∈ L(λ)
and τω(uλ) = uλ with uλ a (nonzero) highest weight vector of L(λ). Then it is easily seen
that the Demazure module Lw(λ) with w ∈ W˜ is τω-stable. Here we define the twining
character chω(Lw(λ)) of Lw(λ) by:
chω(Lw(λ)) :=
∑
χ∈(h∗)0
tr
(
τω|Lw(λ)χ
)
e(χ).
Our formula is the following:
Theorem. Let λ be a symmetric dominant integral weight and w ∈ W˜ . Set λ̂ :=
(P ∗ω)
−1(λ) and ŵ := Θ−1(w). Then we have
chω(Lw(λ)) = P
∗
ω(ch L̂ŵ(λ̂)),
where L̂ŵ(λ̂) is the Demazure module of lowest weight ŵ(λ̂) in the irreducible highest
weight module L̂(λ̂) of highest weight λ̂ over the orbit Lie algebra ĝ.
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